A generalization of the notion of standard Young tableau has recently arisen from work on the representation theory of affine Hecke algebras. In the generalized setting, a standard tableau is defined to be any element of a finite Weyl group whose inversion set satisfies a certain pair of intersection conditions. In this paper, we prove that the set of generalized standard tableaux of fixed shape, when nonempty, is a certain interval in the weak ordering. In addition, we establish a nonemptiness criterion for the set of standard tableaux of prescribed shape. These results are obtained for shapes that satisfy an integrality condition. ᮊ 1999 Academic Press
INTRODUCTION AND DEFINITIONS
Let ⌽ be a finite crystallographic root system, spanning a real Euclidean space V, and let W be the corresponding Weyl group. The basic facts concerning reflection groups and root systems that are used in this paper w x q can be found in 3, 4 . Choose a system ⌽ of positive roots and let Ä 4 ⌬ s ␣ , ␣ , . . . , ␣ be the unique system of simple roots contained in 1 2 n ⌽ q . Recall that any root ␤ can be written uniquely as a sum ⌺ m ␣ ,
where the m are integers that are either all nonnegative or all nonposii tive, and the height of ␤ is the integer ⌺ m . In the sequel, we will sometimes denote these sets simply by Z and P when ␥ has been chosen and will remain fixed in a discussion. A Ž . Ž . placed shape is a pair ␥ , J , where ␥ g D and J :
Ž . and ⌽ w l P ␥ s J. We denote the collection of all standard tableaux Ž .
Ž␥ , J .
of shape ␥ , J by F F . Some motivation for the above definitions of shape and tableau comes from the representation theory of affine Hecke algebras. Let H be the w x affine Hecke algebra corresponding to ⌽. In 6 , a type of placed shape, called a placed skew shape, is defined, and it is shown that there is a Ž . one-to-one correspondence between placed skew shapes ␥ , J and irre-
dimension of H equals the number of standard tableaux of shape Ž . ␥ , J . We remark that in type A, one can convert placed shapes into Ž . placed configurations of boxes, and when a placed shape ␥ , J converts into a placed configuration of boxes of skew shape, the standard tableaux in F F Ž␥ , J . convert into the classical standard tableaux of skew shape. The w x details of this conversion are explained in 5 .
We impose the simplifying assumption of integrality on ␥ g D, meaning ² : w x that ␣ , ␥ g ‫ޚ‬ for all ␣ g ⌽. In 5 , there is a discussion concerning the relationship between the general case and that of integral ␥.
In this paper, we prove that F F Ž␥ , J . , when nonempty, is a certain closed Ž . interval in the weak ordering of W Theorem 3.2 . We also establish a Ž␥ , J . Ž . nonemptiness criterion for F F Theorem 3.4 . These results address w x conjectures posed by Ram in 5 .
SUMS OF POSITIVE ROOTS
The following two propositions establish some general properties concerning sums of positive roots and will play a role in our description of the set of standard tableaux of fixed shape. In their proofs, we freely use the following known property of roots: if ␣, ␤ g ⌽ are nonproportional, then ² : Proof. Observe first that the conclusion is symmetric in ␣ and ␤ since the equation involving ␣ is equivalent to
We proceed by induction on m. The proposition is true for m s 1. For the following proposition, we introduce a partial ordering on V. Given ␣, ␤ g V, we write ␣ F ␤ if and only if ␤ y ␣ is a linear combination of simple roots with all coefficients nonnegative.
Then there exists a sequence of simple roots ␣ , ␣ , . . . ,
Proof. The proof is simply that of the well known case ␣ s 0.
We proceed by induction on the height of ␤ y ␣ , assuming it to be ² : greater than 1 since the lower cases are clear. Since ␤ y ␣ , ␤ y ␣ ) 0 ² : and ␤ y ␣ ) 0, we have ␤ y ␣, ␣ ) 0 for some simple root ␣ . Thus, The set of standard tableaux of a given shape will be described in terms of the weak ordering of W. Given elements¨, w g W, we write¨F w if Ž . Ž . and only if ⌽¨: ⌽ w . This definition is equivalent to the usual Ž . w x definition of the left weak ordering 1, Proposition 2 .
Our description of F F Ž␥ , J . as an interval in the weak ordering involves specifying its endpoints, and this is accomplished by proving that two particular subsets of positive roots are inversion sets for standard tableaux. Thus, the following known characterization of inversion sets will be useful.
Let T : ⌽ q . We say that T is closed if, whenever ␣ , ␤ g T and q Ž w xw ␣ q ␤ g ⌽ , we have ␣ q ␤ g T. It is known cf. 1, Proposition 3 ; 2, Ž .x. The closure T of a subset T of ⌽ is defined to be the smallest closed q subset of ⌽ containing T. We remark that T equals the set of all positive roots ␤ such that ␤ can be written as a sum of elements from T. Given any subset T of ⌽ 
Ž .
Proof
There are two state- ments to verify:
For statement 1, observe that ␤ g J implies ␤ s ␦ q ␦ q иии q␦ , q иии q␦ q ⑀ , where either ⑀ s 0 or else
Suppose ⑀ / 0. We now prove that either ⑀ g J or ␦ y ⑀ g J. By such that ⑀ s ␦ y ␣ y ␣ y иии y␣ and ␦ y ␣ y ␣ y иии y␣
Similarly, there exists a sequence of simple roots ␣ , ␣ , . . . , ␣ such that ␦ y ⑀ s ␦ y ␣ y ␣ y иии y␣ and
Ž . application of condition ne , starting with ␦ in the role of ␤ and ␣ in
This completes the verification of state-
Our approach to verifying statement 2 is similar. We write ␤ s ␦ q ␦ 1 2 Ž . q иии q␦ , where each ␦ g Z j P _ J . We use Proposition 2.1 to write
If ⑀ s 0 then ␤ , ␤ g Z j P _ J . So suppose ⑀ / 0. Then integrality Ž . The following theorem generalizes a result concerning standard tableaux w Ž .x w in type A due to Ram 5 
